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This monograph was written for the Conference on the New Instructional 
Materials in Physics, held at the University of Washington in the sum- 
mer of 1965. The general purpose of the conference was to create effec- 
tive ways of presenting physics to college students who are not pre- 
paring to become professional physicists. Such an audience might Include 
prospective secondary school physics teachers, prospective practitioners 
of other sciences, and those who wish to learn physics as one component 
of a liberal education. 

At the Conference some 40 physicists and 12 filmmakers and design- 
ers worked for periods ranging from four to nine weeks. The central 
task, certainly the one in which most physicists participated, was the 
writing of monographs. 

Although there was no consensus on a single approach, many writers 
felt that their presentations ought to put more than the customary 
emphasis on physical insight and synthesis. Moreover , the treatment wa£ 
to be "multi-level" that is, each monograph would consist of sev- 

eral sections arranged in increasing order of sophistication. Such 
papers, it was hoped, could be readily introduced into existing courses 
or provide the basis for new kinds of courses. 

Monographs were written in four content areas t Forces and Fields, 
Quantum Mechanics, Thermal and Statistical Physics, and the Structure 
and Properties of Matter. Topic selections and general outlines were 
only loosely coordinated within each area in order to leave authors 
free to invent new approaches. In point of fact, however, a number of 
monographs do relate to others in complementary ways, a result of their 
authors' close, informal interaction. 

Because of stringent time limitations, few of the monographs have 
been completed, and none has been extensively rewritten. Indeed, most 
writers feel that they are barely more than clean first drafts. Yet, 
because of the highly experimental nature of the undertaking, it is 
essential that these manuscripts be made available for careful review 



by other physicists and for trial use with students. Much effort, 
therefore, has gone into publishing then in a readable format Intended 
to facilitate serious consideration. 
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Parratt, and George M. Volkoff read and criticized manuscripts at a 
critical stage in the writing. Judith Bregman, Edward Gerjuoy, Ernest 
M. Henley, and Lawrence Wilets read manuscripts editorially. Martha 
Ellis and Margery Lang did the technical editing; Ann Wldditsch 
supervised the initial typing and assembled the final drafts. James 
Grunbaum designed the format and, assisted in Seattle by Roselyn Pape, 
directed the art preparation. Richard A. Mould has helped in all phases 
of readying manuscripts for the printer. Finclly, and crucially, Jay F. 
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PREFACE 

This monograph is incomplete in several respects. Many useful figures 
and references could be added. Problems (not yet prepared) are neces- 
sary to fill out considerations that are only lightly sketched in the 
text. (Some of the positions at which problems are needed are indicated 
by the symbol [ Problem] ) . 

The discussion may often be heavier than it need be if the content 
is considered as an end in itself . The material presented here was 
planned as the first chapter of a textbook on Quantum Mechanics de- 
signed for students at an intermediate level (Junior, Senior) . The sec- 
ond chapter of the proposed text is to deal with the superposition 
principle. In this second chapter the usefulness of the many abstrac- 
tions introduced in the monograph is to be exhibited by employing them 
for the detailed analysis of microphysical phenomena. Thus to obtain a 

i 

reasonably thorough understanding of this monograph a study of the as- 
yet- nonexistent Chapter 2 is required. All this, however, may hardly be 
worth stating. A theorem of great generality is applicable: “Chapter n 
of any book in physics cannot be understood until Chapter n + 1 is 
mastered . " 

I wish to thank Walter C. Michels and Ernest Henley for their help- 
ful comments and criticisms. I am grateful also to Jack Ludwig and 
Ralph Caplan for showing me that it is easier to read English than 
Academese; the numerous changes they suggested greatly improved the 
style of the monograph. My thanks are due also to the officers of the 
Comm ission on College Physics and the University of Washington for 
their support and assistance during the pleasant t stimulating and pro- 
ductive months of the "Writing Conference." 



CONTENTS 



r 



PREFACE 



1 THE FAILURE OF CLASSICAL THEORY 1 

2 CONSEQUENCES OF A MISTRUST OF THEORY 4 

3 PROPERTIES OF ELECTRONS, PHOTONS; THE DE BROGLIE 

RELATIONS 8 

3.1 The De Broglie Relations 8 



4 AN ANALYSIS OF ELECTRON DIFFRACTION H 

5 HEISENBERG* S PRINCIPLE OF INDETERMINACY 20 

5.1 Supplement to Section 4 23 

5.2 Continuation: Heisenberg’s Principle 24 



6 INTERPRETATIONS OF THE HEISENBERG PRINCIPLE 26 



6.1 Classical Statistics 

6.2 Hidden Variables 

6.3 A Nonclassical Interpretation of the 
Heisenberg Principle 



26 

28 

29 



7 DYNAMICAL PROPERTIES OF MICROSYSTEMS 



36 



7.1 Objective Properties 

7.2 Measurement and Property 

7.3 Incompatibility 

7.4 Observables 

7.5 Distributions 



36 

38 

43 

46 

49 



8 DETERMINISM AND STATE: STATISTICAL DETERMINISM 57 

8.1 The Principle of Determinism and the 

Classical Concept of State 57 

8.2 The Principle of Statistical Determinism 60 

8.3 The Microphysical Concept of State 64 



9 SUMMARY AND COMMENT 69 

9.1 Epitome 69 

9.2 The Mathematics of Quantum Mechanics ' 71 

9.3 Consequences of a Successful Theory of 

Micro physics ^ 

9.4 Critical Notes 78 

9.5 Conceptual Revolutions In Physics 74 








"There is no end to our searchings:... 
No generous mind stops within itself. 
It', pursuits are without limit; its 
food is wonder, the chase, ambiguity. 

-Montaigne 
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THE FAILURE OF CLASSICAL THEORY 



•'For what, by nature and by training, 

We loved, has little strength remaining." 

— W . H . Auden 



From the time of Galileo and Newton 
to the close of the nineteenth cen- 
tury, classical physics had met with . 
no experiences that challenged its 
fundamental concepts. There were, of 
course, many problems, but th3ir solu- 
tions were seen as possible within the 
boundaries of existing theory. Between 
1895 and 1925, penetration into the 
realm of microphysics - the physics 
of ti.o elementary constituents of mat- 
ter and radiation - uncovered phenom- 
ena that stubbornly resisted inter- 
pretation within the classical concep- 
tual framework. The conflict, in this 
period, between theory and microphysi- 
cal observation rocked the very founda' 
tions on which classical theory had 
been built. It was found that to build 
\ j a successful theo 'y of microphysical 

processes - the quantum mechanics - it 
was necessary to eliminate several 
classical assumptions that had gone 
unquestioned for centuries. 

The character of the great diffi- 
culties that classical theory faced 
may be appreciated from the following 
brief review. 1 In classical mechanics 



1 It is assumed that the reader has studied the 
following topics at a level of treatment main- 
tained in strong courses in general physics. 

The topics are listed in the order of their im- 
portance for the work of this monograph. 

(a) Photoelectric and Compton Effects; experi- 
ments and photon interpretation. 

(b) Classical diffraction and interference phe- 
nomena; experiments and interpretation by 
Huyghen's principle. 

( c ) Rutherford model of atoms and Bohr theory of 
the hydrogen atom (circular orbits) . 

(d) Electron beam experiments for the measure- 
ment of electron charge and mass. 

(e) Franck, Hertz and Stern, Gerlach experiments; 
interpretation in terms of quantization. 

(f) Elementary features of radioactive decay. 

(g) Polarization of radiation. 

(h) Blackbody radiation. 

(Quantization and the constant h first appeared 
in physics in Planck's treatment of blackbody 
radiation. Much can bo learned from an analysis 
of different physical interpretations of 
Planck's theory. Unfortunately, the background 
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the properties with which we normally 
deal (such as energy and angular mo- 
mentum) are continuously variable. 
Experiments such as those of Franck 
and Hertz and Stern and Gerlach in- 
dicate, however, that some of the 
dynamical properties that are continu- 
ously variable in classical theory are 
limited to discrete sets of values, 
i.e., are "quantized" in microphysical 
systems. Thus the internal energy or 
the magnetic moments of a bound atomic 
system are not continuously variable 
but may take on only discrete sets 
of "possible" values. Similarly, the 
total energy in any sample of radia- 
t ion ^ frequency v is found to be an 
integral multiple of the "photon en- 
ergy" hu. Such quantized dynamical 
properties find no comfortable place 
within classical theoretical struc- 
tures . 

Bohr attempted to graft quantiza- 
tion to classical physics by imposing 
restrictive principles and thereby to 
limit the possible motions of an 
atomic system to a subset qf the mo- 
tions permitted by classical theory. 
Considerable success was achieved by 
the application of Bohr's ingenious 
quantization rules. But the resulting 
theory was incomplete and internally 
inconsistent; it failed to answer a 
number of elementary questions. If an 
atomic system has only a limited set 
of motions, and these have quite dif- 
ferent energies, how does it change 
its energy from one to another per- 
mitted value in processes of emission 
or absorption of radiation - or in 
collisions with other material sys- 



required for an understanding of such an analy- 
sis is likely not to be available to the stu- 
dents for which this monograph. is designed. 

Several references, whbre treatments of the 
forefoing topics may be found, are listed at the 
end of this chapter. 
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terns - without taking on intermediate 
value.? Docs the photon , in an emis- 
sion process, simply spring into ex- 
istence with a simultaneous and dis- 
continuous change in the energy of an 
atom? If so, what determines when this 
disruptive event occurs? And so on. 

The marriage of classical mechanic is 
to restrictive principles for the pur- 
pose of producing quantization was 
forced, unstable, and, from the begin-’ 
ning, quarrelsome. 

Electromagnetism had its own 
troubles. It provided no home for the 
photon; consequently, it could give 
no description of the phenomena as- 
sociated with the photoelectric and 
Compton effects [ 1 ,2,3,4,5,6,7,8;Note], 
The predictions of electromagnetic 
theory were in conflict with Ruther- 
ford's model of the atom in which 
electrons are assumed to move in 
orbits about a central nucleus; radia- 
tion from the accelerated motion of 
an orbiting electron would, drain en- 
ergy rapidly from the atom and the 
electron would spiral down into the 
nucleus in a time of the order of 10“ 18 
seconds! Both electromagnetism and 
mechanics wore in fund ament al conflict 
with the remarkable stability of atom- 
ic properties. How is it possible, 
for example, for atoms to maintain 
fixed properties indefinitely, despite 
the numerous collisions they suffer 
because of thermal agitation? 

Classical theory never quite 
learned to get along with either the 
quantization of radiation in photons, 
or the quantization of various proper- 
ties of material systems, although it 
managed a somewhat uneasy relationship 
for a while. Toward the so-called 
wave- particle dualism, however, classi- 
cal theory showed an enduring anti- 
pathy. Since early in the nineteenth 
century when the diffraction proper- 
ties of radiation were extensively 
observed, it was supposed that light 
(later recognized as electromagnetic 
radiation) was propagated as a trans- 
verse wave. The long argument between 
particle and wave theories which had 
gone on since Newton's time (Newton 



himself advocated a particle theory) 
seemed to be settled by the phenome- 
non of diffraction for which only the 
wave theory had a convincing explana- 
tion. Maxwell's highly successful elec- 
tromagnetic theory of radiation served 
to deepen the belief that radiation 
must be regarded as a wave phenomenon. 
But it seemed to be impossible to ex- 
plain the photoelectric and Compton 
effects by means of a wave theory. In- 
deed these effects appeared to be un- 
derstood more easily on the assumption 
that radiation consists of entities 
(photons) that are more like particles 
than waves. 

When the study of the emission, 
absorption, and scattering of radia- 
tion by atoms ami electrons made clear 
the significance of the photon charac- 
teristics of radiation, physicists 
were faced with a disturbing dilemma. 

If radiation consists of photons, how 
can diffraction be explained? If the 
diffraction phenomena indicate that 
light is a wave, how can the particle- 
like properties of radiation (photo- 
electric and Compton effec s) be un~ 
derstood? Oddly, the full impact of 
the issues raised by the existence 
of both wavelike and particlelike 
properties of radiation was not felt 
until precisely the same problem ap- 
- eared, quite unexpectedly, in the 
study of electron properties. From the 
time of its discovery at the end of 
the nineteenth century, the electron 
had been considered to be a very good 
approximation to a Newtonian point 
par+icle, and many observations were, 
of course, consistent with this as- 
sumption. But when it was discovered 
that in the transmission of a beam of 
electrons through a crystal, diffrac- 
tion patterns of the same character 
as those previously observed with 
x rays were produced, it became clear 
that electrons were not to be so 
sharply differentiated from radiant 
energy, as had previously been sup- 
posed [l, Chap. 5; 5, Chap. 6; 8, 

Chap 4; 15, 16] . The need for a con- 
sistent theory that could comprehend 
the so- called dualist ic (wave- particle) 
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behavior of electrons and radiation 
became painfully obvious. 

The diffraction of electrons and 
the particlcliko properties of radia- 
tion indicated that far more than nere 
patchwork would be required to con- 
struct a consistent theory of micro- 
physical phenomena. Fortunately, at 
almost the same time that the electron 
diffraction w.-'s observed, Heisenberg, 
Schrttdingor , Dirac and others were 
groping toward the formulation of a 
remarkably successful theory - the 
quantum mechanics - to replace the 
now badly mauled classical theories 
of mattor and radiation. 

It took many years of observation 
and thought to realize that certain 
of the tacit assumptions of classical 
physios, though entirely consistent 



with experience in "macrophysics," 
ore simply wrong in the microphysical 
realm. To obtain a consistent theory 
of microphysical systems it was nocos- 
sary to make revolutionary changes in 
several of the assumptions on which 
the structure of classical theory is 
based. The object of this monograph 
is not to recount yet again the fail- 
ure of classical thoory but to de- 
scribe tho conceptual shift that is 
required for an understanding of the 
behavior of the elementary constitu- 
ents of natter and radiation . 2 



* An epitome of the discussion to follow is pre- 
sented in Subsection 9,1. The reader may find it 
helpful to use this epitome as a guide to the 
structure of the monograph. 
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"Prohibit sharply the rehearsed response." 

-V. H. Auden 



Observation on micropbysical systems 
”c generally heavily dependent on 
t.ieory. We cannot "see" electrons or 
photons in anything like the same 
sense that we can "se«" baseballs. 
Properties of microsystems are usually 
"observed" by interactions with com- 
plex macroscopic apparatus that pro- 
duce scintillations on a screen, 
clicks in a counter, vapor droplets in 
a cloud chamber, or reat 'ngs o.i vari- 
ous kinds of meters. Sue.' raw observa- 
tions a *e interpreted by chains of 
theoretical argument; therefore, if 
the applicability of the theory em- 
ployed for analysis is uncertain, the 
interpretations correspondingly become 
uncertain. 

Suppose, for example, th?t we 
find that a certain sample of radia- 
tion, when passed through a diffrac- 
tion grating, is deflected on passage 
by an angle, 0. The observation of the 
angle of deflection is generally inter- 
preted as a measurement of the wave- 
length , A, of the radiation by the 
law [9,10,ll] 

A - d sinO, (2.1) 

where d is the spacing between a the 
lines of the grating. Also, since radi- 
ation in free space has the velocity 
c (velocity of light) the deflection 
is further interpreted as a measure - 
ment of the frequency . v t by 

V-f. (2.2) 

However, w e have not measured the dis- 
tance between crests (say) on a wave 
form in space nor has the number of 
oscillations per second of the wave 
field been counted at a point . We have 
instead used the theory that the inci- 
dent radiation is a wave phenomenon; 
from the theory together with the 
measurement of the angle of deflection, 
0, and tha slit separation, d, the 



o 




wavelength (1) and frequency (2) of 
the radiation arc deduced. 

But it is clear from the photo- 
electric and Compton effects, as well 
as from a variety of other observa- 
tions, that photons arc not correctly 
described by a wave theory. Since it 
is precisely the wave theory that per- 
mits us to infer a wavelength from a 
measurement of 0, its application in 
this instance is at least doubtful. 
Whatever i. measures, the deflection 
through 9 of the incident radiation 
tells us something quite definite 
about the radiation. From a knowledge 
of 9 and d, we can predict the energy 
of the electrons released by the photo- 
electric effect. Thus it is known from 
experiment that the energy transfer, 

AE, per photon, is # 

AE - hc/d sin0 (2.3) 

(which is just hu. of course, with v 
given by Eqs. (2.1), (2.2)). Also, the 
characteristics of the diffraction 
patterns produced by crystals, slits, 
etc., vary smoothly with the angle 9 
through which the radiation is de- 
flected by the grating. The deflec- 
tion 9 tells us something very impor- 
tant about the radiation, but unless 
a correct theory justifies the associ- 
ation, we cannot asqert that the de- 
flection measures a wavelength, or a 
frequency. Of course, it is possible 
that the wavelength and frequency as 
determined by Eqs. (2.1), (2.2) have 
significance in relation to a theory 
which does correctly describe the be- 
havior of photons. But at this pre- 
quantum mechanics stage of our discus- 
sion, in which we recognize the fail- 
ure of the wave theory of radiation 
and have as yet no adequate theory 
with which to replace it, we are cer- 
tainly free to question whether the 
numbers A, v , derived from 0 by Eqs. 

(2.1) and (2.2) have anything whatever 
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to do with the physical properties of 
radiation. 

Consider a second example : Early 
in this century, Rutherford recognized 
that the distribution of the charges 
within atoms could be explored ("ob- 
served") through the study of the scat- 
tering of energetic ot particles Ly 
matter. If it is assumed that the 
forces that deflect an a particle 
when passing an atom are electrostatic, 
the character of the scattering by mat- 
ter is determined by the arrangement 
of the charges within the atoms of 
which the scatterer is constructed. 
Geiger and Marsdon (in Rutherford's 
laboratory) investigated the general 
characteristics of ot particle scatter- 
ing by means of an arrangement like 
that shown schematically in Fig. 2.1. 
The scatterers they used consisted of 
sheets of heavy metals which were 
thin enough to permit most of the inci- 
dent a particle to penetrate the 
scatterer without sensible deflection. 
The observations consisted in counting 
at various angles relative to the di- 
rection of the incident beam the num- 
ber of scintillations produced on a 
zinc sulphide screen by the arrival 
of scattered Of particles. To Ruther- 
ford's considerable surprise, Geiger 
and Marsden discovered that a small, 
but far from negligible, fraction of 
the ot particles were scattered through 
angles larger than 90° . Analysis of 
the experiments indicated that these 
large angle scattering events could 
not have arisen from a number of suc- 
cessive small angle deflections; ap- 
parently an energetic a particle 



(with millions of electron volts of 
kinetic energy) could be deflected 
through a large angle as the result 
of a collision with a single atom of 
the scattering material. 

Rutherford realized that the ob- 
servations of Geiger and Marsden could 
not be explained by the atom models 
then under consideration. In 1911, he 
proposed a new model [ 12] - the now 
well-known nuclear or planetary model 
- which provided a source for the 
strong forces required to produce the 
large deflections suffered by a parti- 
cles in passing through matter. It 
was assumod that tho positive charge 
required to balance the negative 
charges of the planetary electrons 
of the atom is concentrated in a nu- 
clear core of diameter several orders 
of magnitude smaller than the diameter 
of the atom and that the nuclear core 
contains essentially the entire atomic 
mass; the electrons were assumed to 
move in orbits about the core under 
the influence of the attractive forces 
between the positive nuclear core and 
the negative electrons. 

With this model, Rutherford calcu- 
lated the form of the distribution of 
the scattered a particles that would 
result if real atoms corresponded to 
his model. Geiger and Marsden[ 13] un- 
dertook to check his predictions by 
a pains-taking quantitative study of 
the scattering of a particles of 
various energies by sheets of various 
heavy metals. The agreement of experi- 
ment with theory left nothing to be 
desired. Effectively it had been "ob- 
served" that atoms have a structure 



SOURCE OF 
a-PARTICLES * 




SLITS 

Fig. 2.1 Schematic of luthorford Experiment. 
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like that of the model Rutherford 
created. Despite the many difficulties 
posed by the model (e.g., in their 
motions about the nucleus the elec- 
trons must radiate energy - according 
to electromagnetic theory - and spiral 
very rapidly down into the nucleus) , 
it was clearly necessary to take it 
seriously. Its acceptance was complete 
when the atomic theory of Bohr, which 
is based on Rutherford's model, proved - 
so fruitful. (Bohr's first paper and 
the results of the work of Geiger and 
Marsden that verified Rutherford's 
predictions were both published in 
1913). The small, positively charged, 
massy nuclear core first imagined by 
Rutherford remains today at the centfer 
of theories of atomic structure. 

Naturally Rutherford assumed, in 
his calculations, that the motion re- 
sulting from a collision of an a par- 
ticle with an atom could be described 
by Newtonian mechanics; his model 
specified the form of the force law 
to be used in the classical equations 
of motion. However, since experience 
in microphysics indicates that it is 
doubtful whether classical conceptions 
are applicable to atomic processes, 
the validity of Rutherford's ’'observa- 
tion" of the nuclear core of the atom 
is open to serious question. Perhaps 
a model of the atom very different 
fiom that imagined by Rutherford to- 
gether with a correct theory of micro- 
physical processes would duplicate his 
predictions. Such coincidences are no 
doubt rare but they are not unknown. 

As it happens the quantum mechanics - 
a successful theory of microphysics - 
together with the physical assumptions 
introduced by Rutherford leads to ex- 
actly the same scattering distribu- 
tions as those obtained from classical 
theory . 3 We are being led away from 



'This aost happy coincidence between the results 
of quantua aechanics and classical aechanics 
for the scattering distribution occurs only ire 
the inverse square law of force. For other lo.ee 
laws, the predictions of the two theories any 
differ considerably. It is awusing to speculate 
on bow long tbs development of atonic physics 



the point, however, by the intrinsic 
interest of the story. For our present 
purposes it is essential to note only 
the strong interplay between theory 
and experiment in Rutherford's "obser- 
vation" of the nuclear core of the 
atom. 

The point needs no further reit- 
eration. Other examples abound. What 
we conclude is that in the realm of 
microphysics, where measurement is 
necessarily indirect, our concepts 
derive from a close interweaving of 
theory ,vith observation. In this com- 
bination, the role of theory grows as 
investigation goes on. Ultimately 
theory becomes so familiar that we 
hardly realize its importance in the 
interpretation of observation ; the de- 
flection of radiation by an angle, 0, 
on passing through a grating is al- 
most automatically interpreted as a 
measurement of wavelength and the role 
of theory in the measurement is almost 
forgotten. When theory fails, however, 
the familiar connections between its 
constructs and what is observed are 
broken. We must then return to naked 
observations and their observed inter- 
relations, and try to build from them 
new, and successful, theoretical 
structures . 

The task is enormously difficult. 
Thinking, without preconcept ions , is 
probably impossible. Our very language 
has been conditioned by our experi- 
ences with macroscopic phenomena and, 
consequently, may be ill adapted to 
the needs of microphysics. The sheer 
task of describing raw observation is 
awkward and toilsome. Thus we say we 
are "observing" the diffraction of 
electrons when in actuality we are 
reading meters connected to certain 
pieces of physical apparatus and 
measuring the intensity pattern on a 
photographic plate. But the very use 
of the term "diffraction" commits us 
to thinking in terms of a wave theory 



■igtat have .been held up if the two theories had 
led to markedly different scattering distribu- 
tions for the inverse square law of force. 
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and conjures up images not at all con- 
nected with what is observed. 

This leads into a bind: if we 
stick to the language of pure observa- 
tion , discussion becomes ponderous 
and inordinately wearisome; if we pro- 
ceed rapidly through the introduction 
of theoretical constructs, the risk 
of misconception and error is large. 

In spite of its dangers; the latter 
course must be chosen 



4 Wo shall use derived quantities such as tho A 
and v In Eqs. (2.1), (2.2) but try at tho samo 
to keep In «lnd the experimental and ■athoaatl- 
oal procedures by which theso quant It los aro ob- 
tained. One aust try to avoid thinking of A, v 
as tho wavolcngth and froquoncy of nomo physical 
wavo. Thoso symbols rofor to quant ltlos which 
aro obtalnod from raw observations by oasy com- 
putational they arm used bocausa they help to 
•xprwsm, in a simple way, observed relations 
among phenomena. 



In our effort to shake loose from 
the grip of classical conceptions, we 
have probably overemphasized the ex- 
tent of the failure of classical the- 
ory. Electromagnetic theory certainly 
correlates a vast set of observations 
on the properties of radiation. Many 
characteristics of atomic systems - 
for example, the normal Zeeman effect • 
may be interpreted successfully by 
means of Newtonian mechanics . The Bohr 
theory of the hydrogen atom, a classi- 
cal theory to which a restrictive rule 
is added, enjoyed many successes. 
Though many fundamental classical con- 
ceptions are inadequate for the needs 
of microphysics, it is beyond ques- 
tion that a correct theory of entities 
on the atomic scale (electrons, atoms, 
photons, etc.), must overlap olasmlcal 
descriptions in some way. 



3 PROPERTIES OF ELECTRONS, PHOTONS; 
THE DE BROGLIE RELATIONS 



"Does he wear a turban, a fez, or a hat; 

Does he sleep on a mattress, a bed, or a aat?” 

—Edward Lear 



It is not our purpose to review all 
the observations on microphysical en- 
tities in order to expose those inter- 
pretations tuat are tainted by unwar- 
ranted use of classical concepts; most 
of such a review would teach us little. 
Many conclusions about the microphysi- 
cal realm are consistent with so great 
a variety of experiments, or are so 
largely independent of theoretical ‘in- 
terpretation, that they are hardly 
subject to doubt. 

It is obvious that the entities 
named electrons play an important role 
in atomic constitution. We know that 
the charge, e, and rest mass, m, of 
the elect ron[ 5, a ] are 

e 2 _ 4 .8 • 10" 1 °esu s-1.6' 10" 1 9 coulombs 
m s 9.1*i0" 22 g. 

The energy, E, for free electrons is 
related to the momentum, p, by 

E - p 2 /2m 

(E « me 2 ; nonrelativist ic approxima- 
tion) (3.1a'- 

E - c[p a +(»c) 2 ]* (relativistic) (3.1b) 

The velocity, v, of free electrons is 
found to be related to the momentum as 
in classical mechanics: 

v ■ p/m (v « c) (3.2) 

v/(l — v 2 /c 2 )^ - p/m (relativistic) 

Electron beams are deflected under the 
influence of laboratory- produced elec- 
tric and magnetic fields. 5 The deflec- 
tions may be computed using Newton’s 
second law F m dp/dt with 

•The word "laboratory" here Means that the ex- 
periments are conducted on a Macroscopic scale 
with Macroscopic controls. The Newtonian concept 
of force loses its mean ins for electron "motions" 
on a Microscopic seals (see Section 6) . 



f_e[E + £-^-3] (3-3) 

where E, H are the electric and mag- 
netic fields at the location of the 
electron . 

Photons may be interpreted as the 
elementary constituents of radiant 
energy ; they are uncharged and are 
transmitted in free space with the 
veolocity of light. On interaction 
with material systems (electrons, 
atoms, etc.), they transfer specific 
quantities of momentum and energy. 

The relation between these quantities 
is found to be 

E ■ cp. (3.4) 

This relation follows from Eq. (3.1b) 
if we set m = 0; consequently the 
photon is said to be «in esitity with 
zero rest mass. 

The possible energy values for 
photons range over an infinite contin- 
uum. It is found that photons to which 
one may assign a "f requency , " v t have 
a uniquely correlated energy given by 

E ■* hv (3.5a) 

(where h, of course, is Planck’s con- 
stant). By the use of (3.4) and the 
relation \v - c, we have 

p = E/c = hu/c ■ h/A.® 

•Properties of energy and Momentum are -ttrib- 
uted to classical electro-magnetic fields. How- 
ever, the energy and momentum are Interpreted 
as spread continuously over the field. One 
speaks. In the theory, of energy, momentum den- 
sities, and of the flow of energy, momentum 
across surfaces. In the interaction with natter 
of a wave of frequency v (and this quantity has 
an unambiguous meaning In the theory) energy 
£nd Momentum are cont lnuously transferred rather 
than in the lumps hi>, h/A ns in the photon pic- 
ture. 
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Photons exhibit properties associated 
with the term "polarization. 7 The an- 
gular momentum carried by circularly 
polarized photons has been measured 
and found to be h/2ir. 

It is important to recognize that 
a photon of "frequency,” v, is as in- 
decomposable as an electron. Just as 
we never find parts of an electron, 
we never fli>u photons of a given fre - 
quency (i.e., photons which are de- 
flected by the same angle 0 in a given 
grating) , with a fraction of the en- 
ergy hi'-. All efforts to cut a photon 
into parts each with the same "fre- 
quency" but with fractions of the 
energy h v have failed. Like electrons, * 
photons may suffer energy changes in 
collision processes (e.g., the Compton 
effect) but in such changes the "fre- 
quency" also alter . 

Most of the properties we have 
discussed for electrons and photons 
enter into conservation laws . A multi- 
tude of observations are consistent 
with the assumption that the general 
conservation laws - for energy, mo- 
mentum, angular momentum, charge - are 
valid in the microphysical realm, 

These conservation laws make it pos- 
sible to give clear meanings to the 
measurements of conserved quantities, 
meanings which are independent of the 
nature of more detailed theory . 



3.1 THE DE BROGLIE RELATIONS. 

Both electrons and photons pro- 
duce "diffraction effects" under suit- 
ably arranged conditions. The diffrac- 
tion effects are similar, in some 
respects, to those produced by classi- 
cs! waves, and may be described, in 
part , by a classical wave theory . An 
examination of the diffraction effects 
indicates that the "wavelength" which 
must be employed by the classical 



’Electrons tiro have properties analogous to tbs 
polarisation properties of photons; these prop- 
erties are referred to by the name "spin. ? We 
do not wish now to enter into a discussion of 
the spin properties of electrons. 



wave theory to describe the observa- 
tions is related to the observed 
momentum of the incident beam of elec- 
trons or photons by 

A - h/p. (3.6a) 

We shall have occasion in the 
next chapter to associate a "fre- 
quency," v t as well as a wavelength, 

A, with electrons of momentum p; this 
"frequency" (which will not be inter- 
preted as the number of oscillations 
per second of a physical wave) may be 
related to the electron energy by 

v - E/h. (3.6b) 

Thus the relations (3?6a), (3.6b) be- 
tween E, p, and v t A hold f or p hotons 
and for electrons . 

The equations 

A ■ h/p V ■ E/h, (3.6c) 

which connect the "particle proper- 
ties" p, E, 8 with the "wave proper- 
ties" A, are generally known as the 
"de Broglie relations." Some years 
before the observation of electron 
diffraction, de Broglie, in his doc- 
toral thesis, suggested that the prop- 
erties of electrons might be under- 
stood better on the assumption that the 
electron constituted a wave phenomenon 
of some kindl 14] . He assumed that the 
wavelength and frequency of his "elec- 
tron waves" are related to the energy 
and momentum of electrons in exactly 
the same way as the wavelength and 
frequency of photons are related to 
their momentum and energy. De Broglie 
published his theory in 1924. His con- 
ceptions were considered rather fanci- 
ful until, about a year later, Schro- 
dinger took them up and extended them 
into his system of "Wave Mechanics." 

It was not until 1927 that the phe- 
nomenon of electron "diffraction" was 
observed and the relation A ■ h/p, 
first suggested for electrons by de 
Broglie, was confirmed[ 15,16] . 



*8«w footnote i. 
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That the de Broglie relations 
hold for such dissimilar entities 
as electrons and photons is most re- 
markable. These relations express 
compactly the connection between the 
wavelike properties associated with 
X, u, and the particlelike properties 
associated with E, p. Note in particu- 
lar that the connection involves the 
new constant h. The magnitude of h 
determines the conditions under which 
the wavelike properties of electrons 
will be important (see Sections 5, 6). 

The measured value of h is 

h ■ 6. 62 *10" 2 7 erg. sec 
- 4. 14* 10" 1 5 eV.sec. 

We f ind f rom Eq. (3.6c), on setting 
p - V2mE, (for electrons with nonrela- 
tivist ic energies) that 

X s 12.3 E" l/a [ A(eV) 1 /2 ] . (3.7) 

(A = angstroms; eV = electron volts) 
Thus, for scattering centers with 
separations of the order of an ang- 
strom - such spacings occur in crys- 
tals - diffraction effects are large 
for the full range of electron ener- 
gies below 10 3 eV. For electron ener- 
gies of the order of 10® eV, however, 
the wavelength is approximately .01A; 
hence diffraction effects about objects 
of atomic dimensions (of the order of 
an angstrom) will be small and the 
electrons will appear to behave like 



particles. For photons the relation 
E ■ hu - hc/X leads to 

E = 1.2* 10 4 X~ l (eV A). (3.8) 

For visible radiation with X ^ 5000 
angstroms, the photon energy is 
roughly 2 eV, An energy transfer of 
this magnitude has significant effects 
for atoms; consequently, the particle- 
like nature of visible radiation is 
important in atomic processes. For 
smaller wavelengths - x rays, y rays - 
the particlelike nature of photons 
becomes more pronounced. If we con- 
sider, however, radiation in the 
microwave region with X ~ 10® ang- 
stroms (= 1 cm) the photon energy is 
only 10 “ 4 eV. In the normal processes 
of transmission and reception of such 
radiation the photon character of 
the radiation would be difficult to 
observe . 9 



®It Is worth rccallinK that it is not always an 
easy matter to determine whether a Kivon process 
which transmits energy is more suitably de- 
scribed as a stream of particles or as a wave 
process. The debate that began In Newton's time 
over the character of light went on for several 
decades. Newton, on failing to detect diffrac- 
tion effects, favored a particle theory of 
light and his hunch was backed by most physi- 
cists for more than a century. The issue ap- 
peared to bo settled against Newton's view early 
la the nineteenth century by the work of Young 
and Fresnel on diffraction. However, after the 
photon characteristics of radiation were dis- 
covered, it was recognized that the nature of 
light was not yet fully understood. 
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"But whether that be true or no 
The Devil any of you know." 

—Samuel Butler 



Perhaps the most surprising of all the 
strange phenomena that liavo boon ob- 
served in the microphysical realm are 
those associated with the so-called 
wave- part icle dualism. It is in this 
area that the failure of classical 
concepts becomes most acute. 

A typical experiment on the dif- 
fraction of elect rons[ 8, 15, 16, 17,18] 
is arranged as shown in Fig. 4.1. An 
electron source - say a hot filament 
similar to that used in radio tubes - 1 
is put behind a pair of plates in 
which there are circular holes with 
diameter of the order of millimeters 
(a macroscopic dimension) . The plates 
are separated by about 10 cm; between 
the filament and the first plate a 
potential difference of the order of 
I several hundred volts is maintained. 

Some of the electrons that are "boiled" 
out of the heated filament find their 
| way through the hole in the first 



plate; in this process the electrons 
are subject to a fairly uniform ac- 
celerating fiold and gain an cnorgy 
of (say) 100 electron volts. The elec- 
trons that get through the hole in the 
second plate constitute a well-colli- 
mated beam; the number of electrons 
per second entering this beam may be 
controlled by a variety of devices. 

The energy distribution and the geo- 
metric characteristics of the beam of 
electrons that emerge from the ac- 
celerating system may be directly 
tested. Suppose that the experimental 
arrangement determines the energy to 
an accuracy of one percent . Since 
p = V2mE, the momentum magnitude is 
accurate to about one- half percent. 

The size of a cross section of the 
beam may be examined at various dis- 
tances from the exit hole by examin- 
ing the effects of the beam on a photo 
graphic plate. This cross section is 
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found to vary with distance (to within 
the accuracy of the observation) as 
one would expect on the assumption 
that electrons move on straight line 
paths (Fig. 4.2). It is easily seen 
that the angle, 6 , of the conical 
region in which the electrons are 
found is (in radians) the ratio, d/s, 
of the hole diameter, d, to the plate 
separation, s. For the dimensions, 
d ~ 1 mm, s 10 cm, this angle is 
10" 3 radians. Thus the transverse 
component (i.e., the component in the 
plane perpendicular to the direction 
of the electron beam) of the momentum 
of an electron is l ess than about 
10" 3 p 0 where p 0 - V2mE is the average 
value of the component of the momen- 
tum along the direction of the beam 
(Fig. 4.3). 

On the axis of the electron beam 
produced as described above, a thin 
section of a crystal is placed. A 
photographic plate is put at a con- 
venient distance, D, from the crystal 
along the direction of the electron 
beam; D may be of the order of ten 




Fig. 4.3 Transverse component of electron 
momentum . 




Fig. 4.4 Photograph of the diffraction pat- 
tern produced by passing a beam of electrons 
through a sample of aluminum power. The 
electron wavelength employed was 0.15 A. 
Courtesy, Film Studio, Education Develop- 
ment Center, Ino. 



centimeters. When the filament is hot, 
electrons emerge from the accelerating 
system, strike the crystal and suffer 
deflections. The photographic plate 
serves as a detector for the location 
of the electrons in a plane transverse 
to the beam. A photograph of the pat- 
tern that appears on the plate in an 
experiment of this sort is shown in 
Fig. 4.4. 

The character of the pattern 
produced on the photographic plate 
is independent of the intensity of 
the incident electron beam; if the 
number of electrons per second is cut 
by a fraction f and the time of the 
exposure of the photographic plate is 
increased by the factor f -1 (so that 
the total number of electrons recorded 
on the plate is kept constant), the 
picture produced is unchanged . The 
same general pattern is found on the 
photographic plate if a beam of x rays 
(photons) of suitable energy is em- 
ployed in place of the electron beam 
(Fig. 4.5). The form of the observed 
pattern depends on the structure of 
the crystal scatterer employed in the 
experiment . 

If the arrangement and spacings 
of the atoms within the crystal are 
known, the pattern observed on the 
photographic plate can be calculated 
by assuming that the incident beam 
may be replaced by a plane wave propa- 
gating in the direction of our beam 
with a wave length given by the i 
de Broglie relation, h/p 0 = h/(2mE) 
where E is the incident energy of the 
electrons. In the calculation one sim- 
ply assumes that each atomic site is 




Fig. 4.5 Photograph of the diffraction pat 
tern produced by passing a beam of X-rays 
(A - 0.71 A) through a sample of aluminum 
powder. Courtesy, Film Studio, Education Ds 
velopment Center, Inc. 





AN ANALYSIS OF ELECTRON DIFFRACTION 



13 



J 



INCIDENT 
PLANE — 
WAVE 




ONE ATOM 



Fig. 4.6 Scattering of an incident wave 
from an atomic site. 




the source of a secondary wave that 
emerges radially from the atom (Fig* 
4.6). It is found that constructive 
interference of the waves from the 
numerous atomic sites occurs only at 
the positions at which the darkening 
of the plate is observed. 

We have described the electron 
diffraction experiment essentially as 
it was first performed by Davisson 
and Germer and by Thomson. For the 
purposes of the analysis to follow we 
shall consider the experiment in an 
idealized form. The incident beam in 
this experiment is assumed to have 
well-defined energy and momentum and 
a cross section such as shown in Fig. 
4.7. We replace the crystal by a plate 
on which narrow slits are cut out . The 
geometry of these slits and the ar- 



rangement of the detector (a photo- 
graphic plate, a sheet of scintillat- 
ing material or an electron countor) 
is shown in Fig. 4.7. An experiment 
with an arrangement of this kind in 
which laboratory maufactured slits 
were used was performed relatively 
recently by Jonsson[ 19] who used slits 
with a width T =0.2 microns and spac- 
ing A = 1.5 microns. His photographs 
of the diffraction patterns produced 
by a single slit and by a double slit 
are shown in Figs. 4.8 and 4.9. The 
observed patterns are similar to the 
patterns obtained by the diffraction 
of light[9, 10,11] . The observations 
are deducible from a classical wave 
theory in which the wavelength em- 
ployed is A - h/p where p is the mo- 
mentum of the incident electrons. For 
a single slit the first minimum oc- 
curs at a position, P, (see Fig. 4.10) 
such that the distances from the two 
edges of the slit to P differ by a 
wavelength. It is easily seen from 
the figure that 9 ~ A/r (for small 9 ) 
so that the distance OP w D(A/t). 

(The intensity pattern predicted by 
the wave theory is shown in Fig. 4.10.) 
For two slits a succession of maxima 
and minima are produced as a result 
of the interference of the waves emerg- 
ing from the separate slits. If the 
slit widths are small compared with 
the separation, A, the slits may be 




Fig. 4.7 Idealised diffraction experiment. 
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Fig. 4.8 Photographs of single slit and re 
suiting diffraction pattern in Jdnsson’s 
experiment. From Jdnnson, Zeitscnrift fdr 
Physik, 161, 454 (1961). 




Fig. 4.9 Photographs of double slit and 
resulting diffraction pattern in Jdnsson’s 
experiment. From Jftnsson, Zeitschrift fiir 
Physik, 101, 454 (1961). 



treated as line sources. The position 
of the first maximum of the intensity 
(off the central maximum) is at a 
point Q (Fig. 4.11); the distances 
from the two slits to Q differ by a 
wavelength. Thus OQ ~ D(A/A). If A is 
of the order of 5r several maxima and 
minima are obtained in the two-slit 
pattern covering the region of the 
central maximum obtained with a single 
slit. 

Remember that the structure of 
the patterns produced in these experi- 
ments is independent of the intensity 
of the incident beam. Therefore, a 
v/cak beam with the number of incident 
electrons por second such that the 
probability of finding two electrons 
within, say, a centimeter of each side 
of the slits is of the order of 10" 3 
may be used. In other words the dif- 
fraction experiments may be performed 
with one electron at a time in the 
neighborhood of the slits. 

So far there seems to be no 
argument against considering the elec- 




Fig. 4.10 Single slit diffraction. 
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tron as a Manifestation of some sort 
of wave motion. However, the model 
breaks down completely as soon as we 
consider what happens at the detector. 
If a scintillating screen is used in- 
stead of a photographic plate each 
electron produces at the screen a 
well- localized scintillation 10 while 
successive electrons appear to fall 
more or less at random on the screen. 
Thus an electron does not produce 
a diffraction pattern : The patterns 
arc formed from the distribution on 
the detector of a large number of 
electrons. The intensity at some posi- 
tion on the photographic plate is ‘pro- 
portional to the number of electrons 
that are deflected into this position. 
The diffraction pattern, in sh ort, is 
not the property of one electron but 
of an ensemble of similarly prepared 



* 'Recall that la an observation of an electron 
oe always find a whole electron or none at ail; 
a fraction of the electron charge le never oV 

served. 



electrons . Classical wave theory does 
not predict this feature of our ob- 
servations. 

When we take into account the in- 
divisibility of an electron, the 
structure of the two-slit pattern pre- 
sents a paradox. Since the electron 
cannot be divided, it (presumably) 
must pass through one or the other of 
the two slits. Surely the open charac- 
ter of the slit through which the 
electron does not pass cannot affect 
the path the electron takes in getting 
to the detector . 11 We conclude, there- 
fore, that the two-slit pattern should 
be exactly the same as that which 
would be produced if we* exposed a 
photographic plate for a time T with 
only the "a” slit open and then, for 



11 The diffraction pattern Is wholly Independent 
of the nature of the "opaque" materials which 
fora the silt, or of the distribution of the 
materials In the opaque regions. 
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Fig. 4.12 Comparison oi sum of tiro slnglm •!« patterns with double silt pattern. 



the same period, with only the "b" 
slit open. The pattern observed with 
both slits open, however, is very dif- 
ferent from that obtained by super- 
posing two single- slit patterns (see 
Fig. 4.12). Tho difference between 
tho result predicted (on tho nHHump- 
tion thnt onch electron goes through 
ono or tho other of tho slits) and the 
pattern observed may be shown rather 
dramatically by putting a counter at 
the first minimum of the two slit- 
pattern (Fig. 4.11). With both slits 
open, few counts per second are re- 
corded; ^if, however, one of t he slits 
is closed the counting rate increases ! 
On the basis of the foregoing argu- 
ment, the closing of a slit could 
never increase the counting rate for 
any position of the counter. Apparently 
something very like an interference 
effect occurs; to obtain interference 
we must have influences simultaneously 
from both slits, i.e., the electron 
must somehow get through both slits. 

But presumably the electron is an In- 
divisible entity and cannot go through 



tvo separated slits • The paradox ap- 
pears to be unshakable . 

It could be considered ridiculous 
simply to guess at what is going on 
as the electron passes a double slit . 
Under tho conditions of tho diffrac- 
tion oxporimont, different oloctrons 
roach tho detecting screen at very dif- 
ferent points; we have, as yet, no 
idea, of what determines where any 
particular electron that gets through 
the slits will be found at the detec- 
tor. Why don't we arrange to observe 
the passage of the electron ? By suit- 
able observations we could determine 
definitely whether an electron can or 
cannot somehow get through both slits 
and how the electrons which enter the 
slits along different paths are de- 
flected. 

Sadly, it is impossible to ob- 
serve the precise path of an electron 



1 * Approximate electron paths are observed in 
cloud and bubble chamber pictures. The limita- 
tions on the observability of electron path in 
explained below and in Section 0. 
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(as Section 6 will show). Suppose, 
however, we try for the moment some- 
thing a little less ambitious. In the 
experimental arrangement of Fig. 4.7, 
an incident beam with a width, t, of 
the order of a millimeter is used 
whereas the slit width, r, and the 
slit separation, d, are orders of 
magnitude smaller; the incident beam 
simply blankets the slits. Why not 
use a beam narrow by comparison with 
the width t and arrange to move it 
across the slits? We could then have 
electrons pass an edge or the middle 
of one of the slits and see where 
such well- aimed electrons reach the 
detector. No doubt the reader has al- » 
ready noticed the errors on which the 
foregoing suggestion is based. If we 
try to aim the electrons accurately 
by the use of narrow slits new diffrac- 
tion effects are introduced. A pair 
of very narrow aligned slits does not 
determine a correspondingly narrow 
beam for the electrons. If the open- 
ings in the accelerating plates are 
narrow and a detecting screen is 
placed at the position of the diffract- 
ing slits, we do not find a geometric 
image of the slit on the second accel- 
erator plate just as we do not find 
geometric images of the slits a , b in 
our diffraction experiment. The dif- 
fraction phenomenon severely limits 
our ability to aim electrons. 

Indeed we employ openings in the 
accelerator plates with relatively 
large dimensions (~ 1 mm) in order 
to avoid introducing significant dif- 
fraction effects in the incident beam. 
For electrons with energies of the 
order of volts and a slit width of 
about a millimeter, the angle through 
which the emerging electrons are 
spread by diffraction effects is about 
10"* radians A/t) (Fig. 4.7) a 
small angle compared with the spread, 

6, (see Fig. 4.2) arising from the 
geometry of the slits. 

Let's consider a different ex- 
periment. We noted that the interfer- 
ence phenomenon could not be under- 
stood at all if it was assumed that 
the electron passed either slit a, or 



slit b, but never both. The issue 
raised by this consideration may be 
investigated. Immediately behind slits 
a and b, place detectors A, B capable 
of "observing" the passage of an elec- 
tron. The detectors must be such that 
if«slit a is closed detector A never 
responds, while if a is open and b 
closed each electron that passes is 
detected. Obviously the same must be 
true if we interchange a, A with b, B 
in the foregoing remark. (An example 
of a pair of detectors with these 
properties is considered in subsection 
5.1.) We assume again that the inci- 
dent beam is so weak that two electrons 
are never simultaneously in the im- 
mediate neighborhood of the slits. If 
in the course of the passage of the 
electron beam, the A, B detectors 
never (or rarely) respond "simultane- 
ously" - i.e., within an interval 
short by comparison with the average 
interval between the arrival of suc- 
cessive electrons in the beam - it 
must be concluded that each electron 
either gets through a or through b. 
Simultaneous passage of an electron 
through both slits would be indicated 
by a response of both A and B to the 
passage of a single electron . 

This experiment - the diffraction 
experiment with the A, B detectors - 
is possible in principle, but forbid- 
dingly difficult in practice. It has 
never been performed . However , a wide 
range of experience indicates that an 
electron is never detected simultane- 
ously at two separate positions. Sup- 
pose then that in this "Gedanken 
experiment" (or pencil and paper ex- 
periment) the detectors A, B never 
respond simultaneously, i.e., the 
electrons are indeed found either be- 
hind a or behind b. Under these cir- 
cumstances surely the pattern observed 
on the photographic plate must consist 
of the simple superposition of two 
single-slit patterns. 

Fortunately, for our peace of 
mind, there is good reason to believe 
that in the experiment using detectors, 
the pattern that would be observed 
(if the experiment could be done) is 
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such a superposition. The process of 
observing position - ns the next sub* 
section will show - cannot be per- 
formed without influencing the elec- 
tron. The experiment with the detec- 
tors is physically different from the 
experiment without them. The analysis 
of subsection 5.1 will show that if 
detectors are arranged to change the 
electron *s properties as little as is 
possible (consistent with the require- 
ment that a response of A cannot oc- 
cur if slit a is closed) the pattern 
produced at the photographic plate be- 
comes roughly a simple superposition 
of two single- slit patterns (without 
detectors) . In the experiment with 
detectors, then, the results are con- 
sistent with expectation. 

Notice that the observation of 
the electron passage does not help us 
to understand the normal two- slit pat- 
tern. The presence of the detectors 
radically alters the distribution 
produced on the photographic plate. To 
understand the ordinary two- slit dif- 
fraction we are forced to the peculiar 
assumption that in the normal experi- 
ment the electrons somehow are influ- 
enced by both slits (i.e., get through 
both slits) despite the fact that a 
determination of location always dis- 
covers the electron at one or the 
other of the two slits. Reasons for be- 
lieving that this idea constitutes 
more than a simple confession of com- 
plete defeat will be advanced in Sec- 
tions 6 and 7. 

Effects similar to those de- 
scribed above arise frequently in the 
microphysical realm. With a certain 
experimental arrangement an interest- 
ing phenomenon is observed. If, how- 
ever, we attempt to examine the 
processes that give rise to the phe- 
nomenon of interest , we discover that 
the examination alters the previous 
observations radically. 13 Nature seems 



1 3 Col lege students should not be surprised by 
such effects. They often cosplnln (perhaps 
justly) that frequent tests of their knowledge 
tend to destroy the knowledge they nay have ac- 
quired. 



determined to prevent us from discov- 
ering some of her secrets. 

We don't appear to have come near 
our destination - an understanding of 
the two- slit interference experiment - 
but perhaps the scenery along the way 
has been interesting. Note in particu- 
lar the following two very remarkable 
features of the diffraction phenomena: 

1. The diffraction pattern is 
not a property of a single electron 
but rather the property of a large col - 
lection (ensemble) of electrons . 

2. The laws of nature conspire 
to prevent us from examining the de- 
tails of the processes that occur in 
the diffraction experiment. We cannot 
arrange , for example, both to produce 
the two-slit pattern and to know with 
certainty how each electron gets 
through the slits . 

More can be learned from an ex- 
amination of the one- slit diffraction 
pattern (Fig. 4.10). The component 
along the incident direction of an 
electron is not altered in its pas- 
sage through the slit. By the arrange- 
ment pictured in Fig. 4.13, it can be 
shown that the electrons which reach 
the detector are deflected on pass- 
ing the diffracting slit by an angle 
0 (of course, the openings in the col- 
limating plates must be large - say 
about a millimeter wide - so as not to 
produce further diffraction). The y 
component of the momentum after de- 
flection (Fig. 4.14) is p 0 tan 0 
> p 0 sin B where p 0 is the incident 

DETECTOR 




Fig. 4.13 Change of electron momentum on 
passing slit. 
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Fig* 4.14 The y- component of momentum 
after passing slit. 

electron momentum. From previous work 
(see Fig. 4.10) we know that the bulk 
of the deflections experienced by an 
ensemble of electrons in passing the 
slit lie between the limits , ±0' , 
where 0' is given by 

sin0' = A/r, 

(A = h/p 0 and r is the slit width) . 
Hence the y components of the elec- 
trons after passage range roughly be- 
tween ±p 0 tan 0' ; also p 0 tan0' > p 0 
sin 0' *= p 0 (A/r). 

Now we don*t know and cannot fol- 
low in detail (for the same reasons 
that prevented our closer examination 
of the formation of the two-slit pat- 
tern) , how any single electron is de- 
flected in passing the slit. The .fore- 
going analysis shows that after pas- 
sage of an electron we can only as- 
sert that the y component of momentum 
is found somewhere within \ he range 
±P„A/t, which, since A = h/p 0 , is ±h/T. 
Thus we cannot predict with precision 
what the value of the measured y com- 
ponent of an electron which gets 
through the slit will be. We shall 
set the certainty 14 or dispersion of 
H The "uncertainty" is defined as the root mean 
square of the deviation from the mean value. If 
the distribution of the y component of the mo- 
mentum for an ensemble of electrons diffracted 
by tho slit is w(Py), i.e., if w(P|)dp| is the 
probability of finding the component p f in the 
interval dpy, then the uncertainty is 
Ap, “ li*(Py)(Pf - Py)*dpy]i where p, is the 
moan value of p y in the distribution. In the 
oase we are considering, p f • 0. 



the y component of the momentum equal 
to Ap y ; its value is roughly £ h/T. 

Note that t also measures an uncer- 
tainty. Wo cannot predict where a 
single electron will come through the 
slit but obviously it must be found 
somewhere within the width T of the 
slit, t then roughly determines an un- 
certaintu in the y component of posi- 
tion of an electron in passage through 
the slit. Setting T 2? Ay we have 
Ap y « h/Ay, or 

AyApy » h. (4.1) 

The result may be summarized as 
follows: If an electron of known mo- 
mentum passes a slit of width Ay, we 
can only predict the y component of 
the momentum after passage to within 
an uncertainty Apy, where Ay and APy 
are related by (4.1). For an electron 
with an energy of the order of 100 eV 
(2A ~ lA) , the uncertainty Ap y intro- 
duced in passage through a slit of 
macroscopic size (say Ay ~ 1 mm) is 
negligible by comparison with the mo- 
mentum p 0 = V2mE ; we have 
APy/Po - h/p 0 Ay = A/Ay ~ lO'VlO" 1 
= 10" 7 . But if Ay is of the order of 
angstroms the uncertainty Apy is of 
the same order as p 0 itself. 

Equation (4.1) suggests that if 
we arrange to determine a component 
of the position of an electron we can 
do so only at the expense of our prior 
knowledge of the corresponding compo- 
nent of the momentum. If this implica- 
tion of our work is generally true it 
is of enormous significance. To make 
a prediction in classical mechanics 
we must be given "initial conditions"; 
for a single particle these conditions 
are the position and momentum. If we 
cannot know both the position and mo- 
mentum of the particle our mechanics 
loses its power to predict. Now Eq. 
(4.1) follows essentially from the 
de Broglie relation, A = h/p, and the 
meaning of A in relation to diffrac- 
tion effects. Do the de Broglie rela- 
tions imply basic limitations on our 
capacity to determine the position 
and momentum of an electron simultane- 
ously? We turn now to this question. 
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5 HEISENBERG'S PRINCIPLE OF INDETERMINACY 



"O. swear not by the moon, the inconstant moon.” 

-William Shakespeare 



We want to measure both the position 
and momentum of an electron. Let's try 
to make the problem as simple as we 
can. Suppose that the momentum has 
been measured and that after the meas- 
urcment the electron is "free” so that 
the electron momentum does not change 
with time. If the measured component 
along the x axis has the value p s , 
then a subsequent measurement of the 
x component of momontum is cortain to 
yield the value p x . All that now re- 
mains is to measure the position with- 
out, in the process, changing the mo- 
mentum, or if the position measure- 
ment does alter the momentum, to 
measure the position in such a way 
that after the measurement both the 
position and the momentum are known. 

To make the position measurement we 
use a microscope . 

The Stage of the microscope is 
illuminated with radiation of some 
definite wavelength, X, directed along 
axis (Fig. 5.1). A fluorescent 
screen that scintillates when a photon 
of wavelength X falls upon it is 
placed in the microscope so that an 



image of an object illuminated by the 
radiation is formed on the screen. 

We observe the flourescent screen 
through the eyepiece. If we are lucky 
we discover, after some period of 
watching, a scintillation at some 
point P, on the screen. This effect 
results from the scattering of a pho- 
ton in the incident radiation by the 
electron into the microscope. From 
the observed location of tho scintil- 
lation we must determine the location 
of the electron at the time the radia- 
tion was scattered. Of course the scat- 
tering event will change the previously 
measured electron momentum so that we 
must also determine, if possible, the 
new value of tho momentum of tho elec- 
tron after the measurement . 

It is well known that a point 
source of radiation does not produce a 
point image in a microscope [10, chap. 
4] . Diffraction effects lead to an im- 
age that is spread over a small circu- 
lar region. The radius of this circu- 
lar image depends on the diameter, d, 
of the objective lens (see Fig. 5.2) 
and the wavelength of the radiation 
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Fig. 5.1 Position measurement with • microscope. 
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Fig. 5.2 Image of a point source in a microscope. 



from the point source. The first min- 
imum of the diffraction pattern formed 
on the image plane for a point source 
of radiation occurs at a distance r 
from the center of the pattern. 

Roughly speaking, this minimum is 
formed where the paths of the radia- 
tion that pass through opposite ends 
of a diameter of the objective (see 
the dotted paths in Fig. 5.2) differ - 
by a wavelength. It is not difficult 
to show[lO, chap. 4] that the angle 
subtended by the image area of radius 
r at the objective lens is given ap- 
proximately by 

6 - A/d, (5.1) 

where d is the diameter of the objec- 
tive lens. It must be realized that 
the areal image of a point source is 
produced by a large number of photons 
striking the image plane at well- 
defined points (or, more exactly, re- 
gions small compared with the area of 
the image). In the observation of a 
single scintillation, a single photon 
is detected at P (say) . PJ*otons scat- 
tered from a range of different loca- 
tions may give rise to scintillations 
at P. Thus the scintillation at P 
might have arisen from a photon 
emitted from sources at Sj or S 2 , or 
from any point between Sj and S 2 (see 
Fig. 5.3). The observation o f a scin- 
tillation at P implies that the photon 
was scattered from some point along 
the axis within the range Ax, (Fig. 
5.3). This uncertainty in the location 
of the point at which the electron 



scattered the photon is approximately 
6f, where f is the focal length of the 
objective, and 5 is given by (1); con- 
sequently 

Ax«A(f/d). (5.2) 

Consider now the change in the 
electron momentum produced when the 
photon that reaches P is scattered by 
the electron. This process (Comton 
effect) may be described by assuming 
that the incident photon is a particle 
with momentum h/A and energy 
£ = hv (v - c/A) and that momentum 
and energy is conserved in the colli- 
sion. To get into the microscope the 
phcton must be scattered into a cone 
of angle 9 (Fig. 5.4). Thus the com- 
ponents of the momentum of the scat- 
tered photon along the x axis lie 
between ± (h/A) sin 9. (We neglect 
the change of A in the collision.) 
Also sin 9 « tan 9 ■ d/2f . Since the 




Fig. 5.3 Determination of position uncer- 
tainty in microscope measurement. 
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Fig. 5.4 Momentum uncertainty after posi- 
tion measurement. 

total momentum of electron and photon 
is conserved we may conclude that the 
momentum after the observation lies 
between p 0 + h/A (d/2f) and 
p 0 — h/A (d/2f) where p 0 is the meas- 
ured momentum before the scattering. 

The uncertainty in the x component 
of the momentum of the electron after 
collision is, therefore, 

Ap x »". (5.3) 

« 

For the product of the uncertainties 
we find 

Ax Ap x * (Af/d) (h/A) (d/f) = h, (5.4) 

which is just what was found from the 
analysis of the single-slit diffrac- 
tion (Eq. (4.1))! The uncertainties 
in the position and associated momen- 
tum component of the electron as meas- 
ured by the microscope are inversely 
related. If we arrange to make Ax 
small (by making A small or 9 large) , 
Ap x gets large; similarly if Ap x is 
made small (by making A large 9 small) , 
Ax becomes correspondingly large. If 
the position of an electron with an en- 
ergy of the order of tens or hundreds 
of electron volts is to be determined 
within an uncertainty of macroscopic 
size (Ax ~ 1 mm - 10 7 X) the uncer- 
tainty in p specified by (4.1) is neg- 
ligible: Using Eqs. (4.1), (2.6), (S.7), 

Ap x /p x “ h/p x Ax - A/Ax - 12.3/E^Ax 

~ 12. 3/10 -10 7 ~ 10" 7 . 

If, however, we wish to determine the 
position of an electron within an un- 
certainty as large as an atom 



(Ax ~ 1 X) the uncertainty in p x is 
of the order of p x . 

The relation (4.1), first de- 
rived by Heisenberg[ 20 ,2l] by an 
analysis of the observation of posi- 
tion with a microscope and other 
modes of position, momentum measure- 
ment, is known as the Heisenberg un- 
certainty relation. Heisenberg's dis- 
cussion of the uncertainty relation 
contributed greatly to an understand- 
ing of the physical meaning of the 
formal structure of quantum mechanics. 
The mathematical formalism of quantum 
mechanics was discovered in 1925 by 
Heisenberg, Schrodinger, and Dirac. 

It took about two years after this 
discovery to appreciate the full 
physical significance of the new 
formalism. 1 5 

Of course the failure of the 
microscope method does not imply by 
itself that a precise simultaneous 
measurement of position and momentum 
is impossible. Perhaps the desired 
measurements can be made by other 
methods. However, the analyses of all 
proposed devices for making the meas- 
urements - a number of most ingenious 
devices have been investigated - lead 
uniformly to Heisenberg's relation 
(4.1). These investigations suggest 
strongly that the limitation specified 
by the uncertainty relation expresses 
a general law applicable not only to 
electrons and photons but to all micro- 

— — 1 A l """ 

physical entities . 

In the argument leading to Eq. 
(5.4) a wave theory was used to obtain 
the position uncertainty, 16 Ax, while 



15 It is an interesting feature of the historical 
development of quantum mechanics that the mathe- 
matical structure of the theory was invented 
before its physical interpretation was com- 
pletely understood. One would expect a new the- 
ory to grow out of new physical insights into 
the nature of phenomena , with the mathematical 
structure built afterwards to give prcciso quan- 
titative expression to theso insights. Somo of 1 
the reasons for the reversed order in the case 
of the quantum mechanics are considered in sec- 
tions 6, 7, 8. 

i •The diffraction in the microscope was analyzed 
by a wave theory. Remember 9 however 9 that this 
theory does not describe ±11 the features of the 
dlff motion of photons. 
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to obtain the momentum uncertainty, 

Ap x , a particle theory of the colli- 
sion of a photon with the electron 
was employed. This admixture of wave 
and particle considerations occurs in 
the analysis of every method designed 
to measure position and momentum. 
Naturally, a paper and pencil analysis 
of a measurement presupposes some 
theoretical foundation. Exactly what 
are the theoretical assumptions em- 
ployed? They are simply the de Broglie 
relations with the following interpre- 
tation: in processes of energy and 
momentum transfer , electrons and pho- 
tons (as well as other microphysical 
entities) are to be treated as parti- 
cles . while in processes of transmis- 
sion between spatially separate inter- 
actions they are to be treated as 
waves. All relevant observations are 
consistent with this interpretation 
of the de Broglie relations. 



5.1 SUPPLEMENT TO SECTION 4. 

In our investigation of the two- 
slit diffraction experiment we post- 
poned consideration of the effects 
attendant on observations designed to 
determine whether the electron goes 
through slit a or slit b, or possibly, 
in some manner,, through both (see Fig. 
4.7). Suppose we arrange devices cap- 
able of detecting a passing electron 
in front of the slits (see Fig. 5.5). 
TO be specific, let’s suppose that we 
have a source S emitting radiation 



which illuminates both slits. Wo have 
also a pair of microscopes M«, Mb 
which arc focused on the region in 
front of the slits. Of course we ar- 
range that if the electron beam is 
off, no photons can be scattered into 
the microscopes. 

To be able to distinguish be- 
tween the passage of an electron 
through slit a or slit b, we must be 
sure that the detection of a photon 
in microscope Mb cannot be interpreted 
as having entered M* after being 
scattered by an electron in the neigh- 
borhood of slit b. The microscopes 
must be capable of locating the elec- 
tron within an uncertainty Ay smaller 
than the separation, d, between the 
slits. Such a measurement gives rise 
to an uncertain change in the momen- 
tum of the electron; the uncertainty 
in the y component of the momentum 
introduced by the measurement is 

Ap y s h/Ay £ h/d. 

This momentum uncertainty is equival- 
ent to an uncertainty, AO, in the di- 
rection taken by the electron after 
passage through the slit. This angular 
uncertainty, A 0, is roughly ~ Ap y /p 
where p may be taken as the magnitude 
of the incident momentum. Thus, making 
use of the de Broglie relation, 

A - h/p, 

A0 ~ Apy/p ~ h/pAy £ h/pd “ A/d. 

But the angular separation at the 





Fig. 5.5 Observation to determine through which slit an electron passes. 
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slits of successive maxima in the in- 
terference pattern when the detectors 
are absent (sco Fig. 4.11) is also 
X/d. We have therefore A 0 ~ 0, where 
6 is the angular separation (measured 
from the slits) of successive maxima 
in the normal two- si it pattern. By the 
position measurement we introduce a 
new directional uncertainty (superim- 
posed on the directions taken by the 
electrons after getting through the 
slits) , of such size as to smear out 
the characteristic structure of the 
two-slit pattern. 



5.2 CONTINUATION: HEISENBERG'S 

PRINCIPLE 

Assume now that the Heisenberg 
relation (4.1) expresses a fact of na- 
ture, i.e., that the laws of physics 
make it impossible to know both the 
momentum and position of an electron 
with uncertainties smaller than those 
permitted by Eq. (4.1). What conse- 
quences follow? Can the uncertainty 
relation help us to see how a rational 
theory of microphysical processes 
might be formulated? 

One consequence is immediate, of 
obvious importance, and is independent 
of further theoretical assumptions. 

In principle, either the position or 
the momentum of an electron can be 
measured with arbitrary accuracy; the 
accuracy within which both properties 
can be known simultaneously, however, 
is limited by Eq. (4.1). Suppose that 
the momentum of an electron has been 
measured precisely; according to the 
Heisenberg relation, the position at 
which the electron will be found on 
measurement cannot be predicted. How- 
ever, in an exact observation of posi- 
tion the electron is found at some 
definite location (after which the 
result of a momentum measurement can- 
not be predicted) . The point of all 
this is that the Heisenberg relation, 
or Heisenberg principle , implies that 
it is not possible to arrange initial 
conditions so as to be able to predict 
the results of all possible observa- 



tions that might bo made on an elec- 
tron. If position (or momentum) is 
known the result of an exact momentum 
(or position) measurement is unpre- 
dictable. If position and momentum 
are known within the uncertainties Ax, 
Ap xi the result of either an exact 
position measurement or an exact mo- 
mentum measurement cannot be predicted 
although, of course, a precise meas- 
urement of position will yield a re- 
sult somewhere in the range Ax, or, if 
momentum is measured precisely, its 
value will be found in the range Ap x . 

This unpredictability of the 
properties of an electron may remind 
us of the unpredictable features noted 
in the study of diffraction phenomena. 
Equipment could not be arranged so 
as to be sure that an electron that 
gets through the slits will arrive at 
some particular point on the detecting 
screen. (Note that an observation of 
a scintillation on the screen is a 
position measurement for the electron.) 
The Heisenberg principle suggests that 
the indeterminate behavior of elec- 
trons encountered in the diffraction 
study is by no means peculiar to the 
phenomenon of diffraction. Indeter - 
minate behavior , it would seem, must 
be expected throughout the realm of 
micro physics . But how can one possibly 
have a science for indeterminate, i.e., 
unpredictable behavior? 

The diffraction studies of Sec- 
tion 4 suggest an answer. The posi- 
tions at which individual electrons 
appear on the detecting screen in the 
diffraction process cannot be pre- 
dicted, or, put in another way, the 
diffraction apparatus cannot be ar- 
ranged so that every electron in the 
incident beam will arrive at the same 
point on the detecting screen. However, 
and this is the crucial consideration, 
the distribution of position at the 
detector, i.e., the diffraction pat - 
tern . can be predicted. If twenty phys- 
icists perform the diffraction experi- 
ment at different places, different 
times, they all find the same pattern. 
The nature of the electron source, 
the manner of detection, the methods 
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used for producing the incident beam 
have no influence on the pattern. 
Whenever and however an incident 
beam with a given well-defined mo- 
mentum is incident on a given crystal 
scatterer, the same distribution in 
position at the detector is found; 
the incident momentum uniquely de- 
termines the final distribution. It 
is clearly possible to predict not 
the locations of single electrons but 
the distribution in position of a 
large collection or ensemble of elec- 
trons. 

In effect a theory of microphysi- 
cal processes must have a statistical 
character. In general, only statisti- 
cal properties, i.e., ensemble proper- 
ties, rather t.lan the properties of 
single entities are determinate in the 
realm of microphysics. Often a some- 
what loose use of language obscures 
this fact . We have already explained 
what is meant when we speak of the 
wave property of electrons as exhib- 
ited in the diffraction experiments. 

It is not a single electron with 
definite momentum that is similar to 
a wave but, rather, a large ensemble 
of electrons all with definite momen - 
tum . An additional example of the de- 
terminate properties of ensembles of 
nicrophysical entities will be helpful. 
A free neutron undergoes spontaneous 



transformation into a proton with the 
emission of an electron and a neutrino. 
It is often said that the "half-life" 
of a neutron is 12 minutes. This is a 
statement not about individual neu - 
trons but about ensembles of neutrons . 
If, initially, we have a set of neu- 
trons (at rest) , some transform before 
one minute has passed while others 
have stubbornly refused to change into 
protons even after the lapse of an 
hour. We cannot predict, precisely, 
when any individual neutron will change 
to a proton, but after 12 minutes 
about half of the original collection 
of neutrons will be changed into pro- 
tons. Regardless of the prior history 
of the neutrons collected in an ensem- 
ble, half the ensemble will be trans- 
formed into protons at the end of 12 
minutes. The term "half-life," ob- 
viously, is an ensemble property . 

Let's summarize briefly. The 
Heisenberg principle implies that 
there is an irreducible indeterminate- 
ness in the behavior of microphysical 
systems. Experimental conditions can- 
not be arranged so as to be certain of 
the outcome of all observations. How- 
ever, the behavior of suitably pre- 
pared ensembles is found to be regular 
and lawful. 



6 INTERPRETATIONS OF THE HEISENBERG 
PRINCIPLE 



"Al|l things counter, original, spare, strange, 

Whatever is fickle, freckled (who knows how?) 

With swift, slow; sweet, sour; adazzale, dim;" 

“Gerard Manly Hopkins 



The general significance of the Heisen 
berg principle may be variously in- 
terpreted. Two classical attitudes 
<#r toward the principle are sketched in 

subsections 6.1 and 6.2. An interpre- 
tation that breaks sharply with class- 
ical conceptions - the interpretation 
that leads to quantum mechanics - is 
introduced in subsection 6.3. 



6.1 CLASSICAL STATISTICS. 

Although the position and momen- 
tum of an electro . i cannot be measured 
simultaneously it still may be pre- 
sumed that an electron has, at each 
instant, both a well-defined position 
and a well-defined momentum. In other 
words, the uncertainty principle in 
itself does not prevent us from con- 
sidering the electron as a Newtonian 
particle. Because of the peculiar con- 
sequences of the wave particle dualism, 
we simply cannot know both the posi- 
tion and the momentum of an electron 
at an instant. But, since position and 
momentum are the initial conditions 
required to predict the path of an 
electron, accurate prediction is im- 
possible and the motion of an electron 
is uncertain. We may, however, try to 
make statistical predictions by the 
methods of statistical mechanics. 

When we deal with a sample of a gas, 
we do not know, for practical reasons, 
the positions and momenta of the 
molecules that constitute the gas. 
Nevertheless relations between such 
statistical properties as the pressure 
and the temperature of the gas (for 
example) can be derived. 

When an object subject to some 
set of conditions is studied by the 
methods of statistical mechanics - 



whether it's a sample of a gas or a 
single electron - a large ensemble of 
objects of the same kind (all subject 
to the same conditions) , rather than 
a single object, is considered. The 
ensemble may be a theoretical entity 
(as in the case of a gas sample, since 
we don't collect for study 10 9 or so 
samples of the gas) , or a natural en- 
tity, as is often the case in micro- 
physics where observations on a single 
system (atom, electron) are impracti- 
cal, while observations on large col- 
lections of these systems are rela- 
tively simple. In any case we attempt 
to calculate, or observe (if a physi- 
cal ensemble is available) the dis - 
tribution of the properties of inter- 
est over the whole ensemble rather 
than the properties of a single object. 

We review the statistical method 
for treating a single electron (now 
. considered as a Newtonian particle), 
moving in one dimension. It will be 
useful for this purpose to introduce 
a "phase space" diagram (Fig. 6.1). A 
point in this diagram (a "state point") 
represents a single electron with posi- 
tion as given on tho abscissa, and mo- 
mentum as given on the ordinate. Sup- 
pose our electron to be subject to an 
external force of some kind . The mo- 
tion of the electron is completely 
determined once its position and mo- 
mentum at some time - say t a 0 - are 
given. Both position and momentum 
change, in general, under the influ- 
ence of the external force and hence 
the state point in the phase space 
diagram traces out a definite path. 

When we have imperfect knowledge 
about the initial state of the elec- 
tron we introduce an ensemble of elec- 
trons, each with some definite posi- 
tion and momentum, so as to represent 
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Fig. 6.1 Nmm apac* dlagrai for motion of* 
i polrt partlclo in ono dimension. 



th© rang© of possible initial condi- 
tions that are consistent with the 
available information; i.e., each 
electron in the ensemble chosen has 
a chance of being the electron we 
wish to study. An ensemble is repre- 
sented in the phase-space diagram by a 
large number of points each of which 
is a state point for a single electron. 
Figure 6.2 shows a phase-space repre- 
sentation of an ensemble that could 
be used to study the motion of an 
electron (in the statistical sense) if 
all that is known is that .he uncer- 
tainty in x is Ax about the neighbor- 
hood of x 0 , the uncertainty in p is 
Ip about the momentum p 0 , and the x 
amd p distributions are uncorrelated. 



(Absence of correlation means that th© 
distribution of the points along the 
p axis is the same for every chosen 
value of x within the range Ax.) 

From the assumed initial ensemble 
and the laws of motion, the position 
of%all state points at any later time, 
and the distribution in x, or in p, or 
in any other dynamical variable of 
interest can be calculated. Thus the 
initial (t - 0) characteristics of 
the ensemble determine the average 
value of the position in the ensemble 
at time t, the uncertainty in position 
at t , etc . 

The Heisenberg principle asserts 
that when measurements are made as 
accurately as possible, there remain 
position and momentum uncertainties 
Ax, Ap such that AxAp ~ h. Therefore 
to make a statistical analysis of the 
motions of an electron, it must be 
replaced by an ensemble with a phase 
space representation like that of 
Fig. 6.2. (We use an uncorrelated dis- 
tribution since observations can tell 
us nothing about possible correlations) . 
Note that the Heisenberg principle 
says that no matter how the position 
and momentum of an electron are meas- 
ured, the ensemble of phase-space 
points required for statistical treat- 
ment must cover an area in phase space 
roughly of magnitude h (= AxAp) . 

It seems highly improbable that 
the foregoing classical statistical 
theory could solve the conceptual prob- 
lems raised by microphysical observe- 
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tions. The phenomena of quantization 
would still require the addition of 
restrictive rules of some kind (as in 
the theory of Bohr); the introduction 
of such rules would lead to the same 
objections as were generated by the 
Bohr theory (see Section 1). The dif- 
ficulties are more apparent if we con- 
sider the wavelike properties of elec- 
trons. Kew, for instance, could a 
statistical theory handle the two-slit 
diffraction experiment? The theory 
considers electrons to be classical 
particles; each electron would be 
pictured as going through one or the 
other of the two slits. Thus the 
theory could only lead to the false 
prediction that the two-slit pattern 
is a simple superposition of two one- 
slit patterns. 



6.2 HIDDEN VARIABLES 

The Heisenberg principle implies 
that the behavior ol electrons is in- 
determinate. What is the cause of this 
indeterminacy? Are we to understand 
that on the microphysical level there 
is an essential play of chance, or, to 
paraphrase Einstein, that "God plays 
dice with elementary phenomena"? 
"Chance" is merely a word we use when 
we try to hide our ignorance. Surely 
(says the classical physicist) the po- 
sition at which each electron hits 
the screen in a diffraction experi- 
ment is uniquely determined by some 
specific set of conditions, even if 
we have not yet discovered exactly 
what these conditions are. 

Macrophysical systems may seem 
to have an indeterminate behavior if 
«c do not take into consideration all 
the details of tkeir struc ture . Sup- 
pose, for example, that we have a set 
of boxes all with the same dimensions 
and all of the same mass containing 
differently oriented gyroscopes with 
different angular momenta. Under ex- 
ternal torques of the same magnitude 
and direction (relative to the box 
geometry) different boxes will exhibit 
different responses. An observer who 



is able to examine only Hie outside 
features of this collection of boxes 
might claim that they are identical 
but that their behavior is indeter- 
minate. A physicist who made such an 
interpretation without even thinking 
that the boxes might be systems with 
different internal properties would 
be a simpleton. We who know about the 
internal gyros have no difficulty in 
explaining the variation in the behav- 
ior of the different boxes. Obviously 
if we don't know and don't control all 
the variables on which the behavior 
of a set of systems depends, the same 
external influences may lead to dif- 
ferent consequences simply because 
the different systems have different 
Internal propert ies . 

Might this not be the origin of 
the indeterminacy implied by Heisen- 
berg's principle? We don't really 
know in any direct sense what an elec- 
tron is. When a photon registers in 
the microscope we speak of a "posi- 
tion" measurement. From the "position" 
measurement alone it is not possible 
to predict the result of a subsequent 
"momentum" observation. But might 
there not be as yet unknown measure- 
able properties, i.e., hidden vari - 
ables (corresponding to the gyros in 
the example above), which, if meas- 
ured together with "position," would 
enable us to predict the result of a 
subsequent "momentum" measurement? 

It is impossible to prove or dis- 
prove the existence of the hidden 
variables needed to make the behavior 
of microphysical entities determin- 
ate. 17 As yet, however, no one has 



1? An assertion aay be proved or disproved only 
relative to soae accepted theoretical structure. 
It has been shorn (the proof is given by von 
Neuaann[ 22j ) that if certain general assuaptions 
eaployed in quantua acchanics arc true, "hidden 
variables'* capable of aaklng the theory deterain- 
ato cannot exist. Howcvor, there is no law 
against tho belief that this siaply reflects a 
fault in quantua aochanics. Soao of the foreaoat 
contributors to the thoory of quantua aechanics, 
Including Xiastein, Schrtidinger and de Broglie, 
never fully Accepted its indeterainietic charac- 
ter. 



